Modelling planets is done for two main reasons -the first to further understanding of their internal structure and the second to provide models to explore astrophysical situations in which planets play a role. For the latter reason, the requirements on accuracy are less severe, although the planet must be realistic in its major features. A numerical model of a layered giant planet is developed with an iron core, a silicate mantle, an ice region and a hydrogenhelium atmosphere. The Tillotson equation of state is used and examples of two model planets are given, one reproducing the mass and radius of Jupiter quite closely and the other with two Jupiter masses. Transferring these results into a smoothed particle hydrodynamics (SPH) model presents two main difficulties. A uniform distribution of SPH points leads to too few points representing the non-atmospheric component. It is shown that using a distorted lattice enables the core + silicate + ice to be represented by several hundred points so that the evolution of these regions can be followed in detail. Another difficulty concerns the density discontinuities attendant on a layered structure. Density estimates of SPH points are either too large or too small near material interfaces leading to unrealistic pressure gradients and, consequently, to large and unphysical local forces. Algorithms are described for avoiding this difficulty both at material interfaces and near the surface of the planet. In some astrophysical situations involving SPH-modelled planets, the main bulk of the planet is so opaque that internal heat transfer can be neglected. However, surface regions should radiate and a convenient way for including radiation from a planetary surface is described.
BAC K G RO U N D
There is no clear and universally accepted model for the structure of a major planet such as Jupiter. Most planetary scientists assume that there is a core consisting of iron and silicate materials with an atmosphere containing mostly hydrogen and helium. However, there is no certainty about the mass of the core and the latest models of Jupiter suggest that it might have a very small core or even no core (Guillot, Gautier & Hubbard 1997) , although the range of possible core mass was estimated as somewhere in the range 0-12 M ⊕ . An early model of Jupiter, and one that still has credibility, was put forward by Stevenson & Salpeter (1976) that has a core mass of approximately 11 M ⊕ . Surrounding the core is a large region of metallic hydrogen which changes to the gaseous state when the pressure falls to a few times 10 6 bar. About 30 per cent of the atmosphere consists of helium that mixes with the hydrogen at all levels. The Stevenson model has a rocky core and does not have any materials intermediate between silicate and H-He but an earlier model by Podolak & Cameron (1975) included about 30 Earth E-mail: mmw1@york.ac.uk masses of H 2 O mixed with the hydrogen and helium. In view of the wide occurrence of hydrogen containing materials such as H 2 O, NH 3 and CH 4 in the Universe at large some component of these materials might be expected, although the form in which they occur within a major planet might be open to question. Dormand & Woolfson (1977) suggested that the origin of the major terrestrial planets could be explained by the collision of two larger planets. In the model they described, the planets were of masses 5 and 33 M ⊕ originally on highly eccentric orbits. The larger planet gained energy and was expelled from the Solar system while the smaller one lost energy, so that it moved into the inner Solar system and also broke into two fragments that were identified as the origin bodies of Venus and the Earth. The resources available at that time, both theoretical and computational, did not enable a detailed model of this system to be explored but it was demonstrated that, at least, the conclusions were not in conflict with any conservational principles. More recent attempts to model this interaction have failed to give the outcome proposed in the 1977 paper. In addition a proposed model for the formation of planets (Oxley & Woolfson 2004) indicates that only major planets should initially form. For this reason, a revised model of a planetary collision has been investigated that requires the collision of major planets.
An effective way of modelling astrophysical phenomena is by smoothed particle hydrodynamics (SPH). An event such as a collision between major planets is so violent that subtle details of the composition of the planets will not be a major factor in their behaviour. On the other hand, one is interested in the outcome for various components of the major planets, in particular their cores that will provide the material for any resulting terrestrial planets. The construction of a practical SPH model for a major planet presents many interesting problems and here we explain how these problems have been solved -divorced from a description of the actual use of the models.
D E F I N I N G A L AY E R E D -S T RU C T U R E P L A N E T
On the basis of the early work on the detailed structure of major planets, it was decided to use a four-layer structure, the layers being:
(i) an iron core, (ii) a silicate mantle, (iii) an 'ice' layer containing hydrogen compounds and (iv) a gaseous H-He atmosphere that constitutes the majority of the mass.
Because of the high interior temperatures, and notwithstanding the high internal pressures, the 'ice' layer will be either liquid (as may be core and mantle) or vapour so that the division of the ice layer and atmosphere is not a sharp one. Whatever its form we shall refer to ammonia, methane, water and other hydrogen containing molecules as 'ice'.
It was decided to use a simple model of a planet using the Tillotson equation of state (Tillotson 1962) for iron, granite and water for the core, mantle and ice layer, respectively. This equation of state has been widely used for impact simulations and is defined in terms of a critical density ρ 0 , two specific internal energies, u 1 and u 2 and other quantities a, b, A, B, u 0 , α and β -all of which are constants for a given material. The equation of state is defined in various ranges as follows.
(i) For a condensed state where either ρ > ρ 0 or a cold state where u < u 1
in which η = ρ/ρ 0 and μ = η − 1.
(ii) For low-density and hot states where both ρ < ρ 0 and u > u 2
(iii) For other states where ρ > ρ 0 and u 2 > u > u 1 , a weighted combination of equations (1a) and (1b) is used that gives a smooth continuous transition between the condensed and low-density, hot states in the form
The constants used for iron, granite and water are given in Table 1 . The data from previously published models for Saturn and Jupiter (Stevenson & Salpeter 1976) were used to choose a best value of c for a model atmospheric equation of state of the form It was found that with c = 3.0 × 10 −3 kg −1 m 3 , there was an approximate fit over the range from gaseous to metallic hydrogen although, to allow for about 25 per cent of helium plus some other heavier components, μ, the mean atomic mass was taken as 3 × 10 −27 kg. The density and temperature as given by Stevenson and Salpeter (hereafter SS) at various levels in Jupiter were used in equation (2), and in Fig. 1 the pressures found are compared with those given by SS.
At the interface between metallic and gaseous hydrogen SS gave two densities, one for each form of hydrogen, with a common temperature giving rise to the same pressure. Each of those densities was inserted into equation (2) giving rise to the glitch in the approximation curve.
The usual equations for a spherical body in equilibrium are
and
where g is the acceleration due to gravity at a distance r from the centre of the body. However, these and the equations of state are not sufficient to define the structure of the body; it is also necessary to define some relationship between density and temperature that reflects heat transport in the body. In the SS model, in the deeper parts of the planet the relationship taken was of the form
These authors also took a planetary core that was totally rock and isothermal, corresponding to
In the present model, the relationship between density and temperature was taken in a similar polytropic form as
and it was found that α between 0.2 and 0.65, modelling differing amounts of convection, for core, mantle and ice and 0.65 for the atmosphere gave results that gave models matching the expected form of Saturn and Jupiter. Given the equation of state in the form
it is found from equations (3), (4) and (7) that where s is the specific heat of the material, assumed constant. The partial derivatives can be found numerically from the equations of state by finite-difference approximations.
Other input characteristics in calculating model planets were the ratios of the mass of core: mantle: ice which were taken as 1:4.33:4, based on expected cosmic abundances of material, and also the total mass of the core. Equations involving P, g and T were integrated outwards from the centre where boundary conditions were set for ρ and T. After each integration step, the density was found from the equation of state. Whenever a particular layer reached its assigned mass, the density for the next layer giving continuity of temperature and pressure was found either from the Tillotson formulae or from equation (2). The equations were integrated outwards until T fell to 100 K, regarded as a plausible surface temperature. Corresponding values of both P and ρ are low values and this point is taken as the surface. At this stage, the radius of the planet and the mass of the atmosphere, and hence the total mass of the planet, could be determined.
Since the present model had an iron central core and the SS model a rock core, the central densities in the present model were much higher than those found by SS, for a Jupiter-like model 64 000 kg m −3 against 26 000 kg m −3 . Since the ratio of the uncompressed densities of iron and a typical silicate is of the order of 2.5, this is not surprising. However, despite the higher central density the present model is insufficiently centrally condensed since its moment-of-inertia factor is 0.290 against an estimated 0.254 for Jupiter. Again, the SS model had a uniform temperature of 19 760 K throughout the core, whereas the present model went from 28 000 K at the centre of the planet to about 20 000 K at the base of the atmosphere. Table 2 gives the characteristics of two planets found by the present model of masses very close to 1 and 2 M Jupiter . It will be seen that planet 1 has a mass just 2.7 per cent less than that of Jupiter and a radius less than 1 per cent greater.
The density and temperature profiles for planet 1 are shown in Fig. 2 . These profiles depend on the equations of state and those of Tillotson, while convenient to use, are not the best available. Nev- ertheless, for many purposes the models obtained by the Tillotson equation of state are sufficiently realistic, although they would be inadequate if the main purpose in hand was an understanding of the detailed structure of planets.
T H E S P H R E P R E S E N TAT I O N O F P L A N E T S
Having obtained a model for a planet in terms of a density and temperature profile within the layers of know composition, the task now is to transform this into an SPH form. With the kind of bodies of the type given in Table 2 , we have particular problems. The core + mantle + ice contributes much less than 1 per cent of the mass of a planet but because of its high density only about 5 × 10
of its volume. Hence if the planet was represented by a uniform distribution of, say, 10 000 SPH points then the core + mantle + ice would be represented by five points and the core itself by a single point. However, this model was developed with the ultimate purpose of subjecting the planet to a violent disrupting event in which the outcome in relation to behaviour of the central material was of interest. If the core + mantle consisted of a single point, or even two or three points, its development could not be deduced by an SPH approach. What is required to deal with this situation is a distribution of points that is locally fairly uniform but with a density that increases towards the centre. This was achieved in the following way. Table 2. face-centred cubic arrangement of points was set up within a spherical region of unit radius. This distribution of points is uniform, in the sense that in an infinite lattice every point would have the same environment, and is also optimal in the space-filling sense in that it gives a maximum possible density of touching spheres centred on the points. Next a distortion is applied to the grid with points being moved radially such that the distance from the centre changes from r to r where Fig. 3 shows the distribution of points in the diametral plane with a = 0.1, b = 2 and n = 8. When the distribution of points is scaled to the radius of planet 1, the number of points in the four regions, with total number of points 9693, is: iron 87, silicate 372, ice 224 and atmosphere 9010. From the distortion formula (10), the local density of points can be found analytically and this enables the masses of the points to be adjusted to give the density distribution indicated by Fig. 2(a) . However, the number of core and mantle points is now sufficient to enable their behaviour to be followed in detail and so to make the SPH dynamical simulation a valid one.
There is no new SPH principle involved in introducing a variable density of points into the system ab initio and it should not introduce any abnormality into the standard application of SPH. In many dynamical simulations in which SPH has been used, such as that by Bhattal et al. (1998) in which star formation is triggered by collisions of turbulent elements in giant molecular clouds, an initially uniform distribution of SPH particles becomes largely concentrated into a few high-density bodies. The continuation of the simulation is not influenced by this extreme distribution.
Inevitably, as a result of transferring to the SPH representation with the distorted lattice, the model planet is no longer in equilibrium. Before the model planet is inserted into a dynamic simulation, it is transformed into an equilibrium state by calculating the net acceleration of each particle, using the SPH equations, and moving each particle a small distance proportional to the acceleration it experiences. This process is repeated iteratively until the system settles into a near-equilibrium condition. However, the SPH equations are modified to deal with problems that occur when the systems contain material interfaces.
D E A L I N G W I T H D I S C O N T I N U I T I E S
In the normal application of SPH, at the end of each time-step the specific internal energy of each point is found and its density is found from the masses and positions of all points within two smoothing lengths. This raises severe problems when the density is discontinuous as is seen in Fig. 2(a) . In Fig. 4 , we show the projection of a distribution of SPH particles set up on a three-dimensional rectangular grid.
Particles for negative x represent granite and particles for positive x (filled) are iron. The temperature throughout the region is 28 000 K and the pressure is 3 × 10 12 Pa, conditions that might exist within a major planet. From the Tillotson equation of state, we find the density of granite for these conditions is 27 203 kg m −3 and that of iron is 38 320 kg m −3 . If the grid interval is 1 km then the mass of each granite SPH particle is 2.7203 × 10 13 kg and that of each iron particle is 3.8320 × 10 13 kg. In the usual SPH formulation, the density at a point with coordinate r i is found from
where h is the smoothing length, W is the kernel function and points j are all those in the kernel region, a spherical region for which W is non-zero. In Fig. 4 , we show the projections of four of these possible projection regions. A is entirely in the granite region, B is centred in the granite region but overlaps iron, C is centred in the iron region but overlaps granite and D is entirely in the iron region. If the number of SPH points in each spherical region is fixed (somewhere between 25 and 50 is usual), then it is clear from the respective masses of granite and iron particles that the progression of densities found for the four points will be, in ascending order, A, B, C and D. Fig. 5 shows the density found with the normal SPH formulation for points along the x-axis where density was calculated at 250-m intervals. The density changes smoothly, just blurring the material boundary. This is not important in itself and might not be evident in a visual representation of an SPH calculation but what is more important is its effect on the pressures deduced from the equation of state from those densities and the prevailing temperature. This is shown for points along the x-axis in Fig. 6 .
Since the estimated density on the granite side of the boundary is too high, this leads to an increased pressure and, similarly, the estimated density on the iron side of the boundary is too low leading to a reduced pressure. The net effect is the establishment of high pressure gradients near the boundary leading to large forces on the SPH particles there.
It is clear that the density estimate for the point at the centre of sphere B in Fig. 4 Density estimates at a material boundary normal SPH density modified density Figure 5 . The estimated density from the particle distribution in Fig. 4 for the normal SPH formulation (full line) and the modified formulation (dashed line). encompassed by the sphere in the iron region were down-weighted to those in the granite region. Similarly, the density estimate for the point at the centre of sphere C in Fig. 4 would be improved if the SPH particle masses encompassed by the sphere in the granite region were up-weighted to those in the iron region. This leads to a modified density-estimating function
where f i,j = 1 if the particle j is in the same material as point i and would be greater or less than 1 if the particle j is in different material to point i depending on whether the contribution needs to be up-weighted or down-weighted. A suggestion put forward in an original version of this paper was to take
but proposals by the referee for producing better illustrations brought to light the inadequacy of equation (13). For example, the ratio of the critical densities for granite and iron is 0.3435 (Table 1) , but the ratio of the densities on the two sides of the boundary in Fig. 4 is 0.7099 -a very different value. The ratio in equation (13) would be suitable if the compressibilities and thermal expansion coefficients of the two materials were similar for then, as the densities changed, their ratio would stay approximately constant. In the event that condition is not satisfied so that a different approach is necessary.
It is known what the materials are in the system under investigation so it is possible to carry out a pre-calculation prior to the SPH simulation to find the ratio of the densities of pairs of materials for different combinations of pressure, P, and temperature, T, the assumption being that within the region where equation (12) is applied the temperature and pressure are approximately constant. These ratios, which are quick and easy to find, can be placed in a table where the tabulations are sufficiently close for linear interpolation to give a sufficiently precise value for any (P, T) combination. The ratios of the density of iron to that of granite are displayed in graphical form in Fig. 7(a) for temperatures between 10 000 and 40 000 K and pressures between 10 10 and 1.6 × 10 13 Pa, covering a range of conditions in the interior of a major planet. Figs 7(b) and (c) show the ratios for granite:ice and ice:atmosphere for ranges appropriate to a major planetary interior.
Applying such a procedure to the system displayed in Fig. 4 must give the correct density and pressure distributions, as is seen in Figs 5 and 6. The non-infinite slope of the density at x = 0 is due to the fact that the density is indeterminate at that point and so was not calculated. The wobbles in the curves come about because of the The ratio ro(iron)/ro(granite) for various T and P 3.1 2.9 2.7 2.5 2.3 2.1 1.9 1.7 1.5 1.3 1.1 1e+010 1e+011 1e+012 1e+013
Pressure ( way that SPH particles fit into the kernel region, sometimes giving a slightly high density and sometimes one that is slightly low. This is a normal characteristic of the SPH method -in this case the maximum fluctuation about the proper density was about 0.6 per cent. The modified density-estimation procedure was carried out on a model planet for which the central density was 62 000 kg m −3 and the central temperature 28 000 K. The planet had mass 306.2 M ⊕ , just under a Jupiter mass, and radius 70 820 km, just over a Jupiter radius. The planet was represented by 18 543 SPH particles and the number in the various layers being: iron 335, mantle 431, ice 430 and atmosphere 17347.
Masses were assigned to particles according to the local known density from the analytical calculation and the local number density of particles. When density was then estimated using equation (11), the result in Fig. 8 was found, which shows the estimated density of each point plotted against its distance from the planet centre together with the true density from the analytical model for a central region of the planet.
The figure shows the smoothing of density at material interfaces that will lead to large false pressure gradients. Fig. 9 shows the result of applying the modified method of estimating density. The discontinuities are followed well by the estimated densities and, consequently, no large pressure gradients will be generated at the material interfaces.
While this problem was being considered, it was also noted that the SPH estimates of density were also very poor at the planet boundary (crosses in Fig. 10 ). Where density has a uniform gradient over the kernel region, the density estimate is usually fairly accurate with one half of the kernel region contributing more than its share of the final density and the other half less. However, at a boundary there is no such balance and normally the density at a near-boundary point will be greatly overestimated. When the matter in the simulation forms a coherent mass, and is not fractured into many fragments, then points at, or close to, a boundary can be detected. This is done by finding the distance of the centre of figure of the distribution of points within the kernel region, as a fraction of the kernel-region radius, in the form where r h (i) is the radius of the kernel region associated with SPH point i and (x i , y i , z i ) are the coordinates of the point i. If the kernel region is uniformly occupied by SPH points then d = 0. In an ideal case with the point i at a plane boundary then only one half of the spherical kernel region is occupied and d = 0.375. It has been found that for points close to a boundary a better estimate of density is to assume that the mass of the particle is spread over a volume equal to the average volume per point within the kernel region. This gives
where n i is the number of points within the kernel region. The procedure followed is to calculate the value of d and where d > 0.2 to apply equation (15) instead of equation (11). The effect of doing this is seen in Fig. 10 , where the estimated density, shown as diamonds, is seen to follow the expected density quite well in the boundary region. The illustrations of the modified density procedures in Fig. 9 have been for the initial density distribution of a planet where the points are in a systematic relationship to each other. Nevertheless it is expected that they will offer better density estimates even in the more chaotic environment of a dynamic simulation.
In practical terms, to use this process in a real SPH simulation one needs to know the current P and T for the point corresponding to the particle i. Simulations usually progress in small time-steps and a pressure taken from the previous time-step should be precise enough, as should be a temperature derived from the previous specific internal energy. It will be seen from Fig. 7 that small changes in P and T do not greatly change the density ratio.
The effect that this procedure is designed to prevent is the existence of large spurious density gradients and the forces they then exert on the SPH particles. This will be particularly serious in regions of high pressure, which will lead to high pressure gradients, and for pressures below a few times 10 9 Pa the normal SPH procedure can probably be tolerated.
R A D I AT I O N T R A N S F E R
An algorithm for radiation transfer within an SPH simulation, covering a wide range of opacity and optical thickness environments, has been described by Oxley & Woolfson (2003) . In addition, for the case of the flux-limited diffusion approximation a very efficient algorithm has recently been given by Whitehouse, Bate & Monaghan (2005) . In many SPH calculations, the material stays in a compact form for the critical part of the simulation. The optical thickness of the compact region may be so high that radiation transfer within the system over the time-scale of the simulation can be ignored. An exception is at the boundaries of the material and radiation from the boundary region can be simulated. A boundary point is recognized by the value of d as given by equation (14) and radiation from it is estimated as follows. First, the 'volume' of the boundary point is estimated as
and then, assuming that it is in spherical form, its effective radius is estimated as
The total rate of radiation from the spherical volume is then taken as
where σ is Stefan's constant, T i is the temperature of the element and κ i is its opacity. It is then assumed that the outwards radiation, representing energy loss, is at a rate 1 2
Q. While this is a rather roughand-ready procedure, it does lead to an outward energy flow, which would be a feature of the actual physical system. This procedure has been tested and successfully applied in an application which will be described in a future publication.
S U M M A RY
For those studying the details of the internal structures of planets, it is important to use the best possible equations of state and to take into account physical features such as convection and possibly even rotation in the most refined studies. However, for creating an SPH model of a major planet, designed to be part of a simulation involving very energetic dynamical interactions, such refinement is unnecessary. What is important is to have a layered body in an equilibrium configuration with a sensible density and temperature profile.
By modifying the density of SPH points in a systematic way, it is possible to model the central part of a major planet in sufficient detail to be able to follow its evolution. Dealing with a layered structure with sharp density changes does create instability in the model unless it is dealt with in some way and one such way has been shown here. Finally, although the bodies in the simulation may be very opaque, it is an advantage to recognize surface regions and to simulate cooling from them. The normal SPH integration procedure will then transport heat energy from the central regions out to the cooled surface.
The algorithm described here is not intended as a replacement for normal SPH applications but just describes modifications that may be useful in particular cases. Of the four elements of modification proposed here -an initial non-uniform distribution of points, correcting density near material interfaces, radiating energy from surfaces of opaque bodies and correcting density near boundariesthe last named is the one most likely to be applicable and useful in many common SPH applications.
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